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• Matrix models techniques: in NC-QFT [Grosse, Wulkenhaar] ϕ?4

(in Moyal-R4
Θ)
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Z[J] =
∫

eTr(JM)−Tr(EM2)− λ
4 Tr(M4)DM∫

e−Tr(EM2)− λ
4 Tr(M4)DM

• Feynman diagrams are ribbon graphs
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EXPANSION IN BOUNDARY GRAPHS (ANY POTENTIAL)EXPANSION IN BOUNDARY GRAPHS (ANY POTENTIAL)
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EXPANSION IN GENUSEXPANSION IN GENUS
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COLOURED TENSOR MODELSCOLOURED TENSOR MODELS
• a quantum field theory for tensors ϕa1...aD and ϕa1 ...aD

• the indices transform under different representations of

H = U(N1)× U(N2)× . . . × U(ND)

• for h ∈ H, U(a) ∈ U(Na),

ϕa1a2 ...aD

h
(ϕ′)a1a2 ...aD = U(1)

a1b1
U(2)

a2b2
. . . U(D)

aDbD
ϕb1b2...bD

• the complex conjugate tensor ϕa1a2 ...aD
transforms as

ϕa1a2...aD

h
(ϕ′)a1a2 ...aD = U(1)

a1b1
U(2)

a2b2
. . . U(D)

aDbD
ϕb1b2 ...bD

• observables are invariants under U(N1)× . . . × U(ND)

• these invariants serve as interaction vertices

S[ϕ, ϕ] = ∑
i

τiTrBi(ϕ, ϕ) = TrB2(ϕ, ϕ) + ∑
α

λαTrBα
(ϕ, ϕ)



• traces TrB are indexed by bipartite D-coloured graphs B
• In D = 3 colours we associate

ϕa1a2a3 and ϕ̄p1p2p3 (reversed order!)

• Contract: 1 = δa1p1
2 = δa2p2

3 = δa3p3

Example:

The full Ward-Takahashi identity for colored tensor models
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(ϕ̄r1r2r3 ϕ̄q1q2q3 ϕ̄p1p2p3)

· (δa1p1 δa2r2 δa3q3 δb1q1 δb2p2 δb3r3

δc1r1 δc2q2 δc3p3)

·(ϕa1a2a3 ϕb1b2b3 ϕc1c2c3)



Feynman diagrams Choose an action, for instance,

S[ϕ, ϕ̄] = TrB2(ϕ, ϕ) + λ(TrV1(ϕ, ϕ) + TrV2(ϕ, ϕ) + TrV3(ϕ, ϕ))

and

V1 =
Surgery in colored tensor models
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,

Z[J, J̄] =
∫
DϕDϕ eTrB2 (Jϕ)+TrB2 (ϕ̄J)−N2S[ϕ,ϕ]∫

DϕDϕ e−N2S[ϕ,ϕ]
, with TrB2 ↔

• Write for Wick’s contractions w.r.t. the Gaußian measure

dµC(ϕ, ϕ) := DϕDϕe−N2S0[ϕ,ϕ] := ∏
a

dϕadϕa
2πi

e−N2TrB2 (ϕ,ϕ)

∫
dµC(ϕ, ϕ)ϕa ϕp = C(a, p) = δap = a p
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• Example. An O(λ4)-contribution (vacuum sector)

Surgery in colored tensor models

arXiv:1608.00246
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⊂
∫

dµC(V1V2[V3]
2)



Surgery in colored tensor models

arXiv:1608.00246
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• Feynman graphs G are (D + 1)-coloured: amplitude
controlled by geometric data [GURĂU, 11]: supports large-N
expansion

• According to crystallization theory [PEZZANA, ‘74]— alternatively
GEMs — these graphs represent PL D-manifolds
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Once one has found a crystallization of the boundary, e.g. here in
D = 4,

P =
323

2 3 2
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Then G(N )
C|P|M is interpreted as
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EXPANSION OF W[J, J̄] IN D = 3EXPANSION OF W[J, J̄] IN D = 3
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WARD TAKAHASHI IDENTITYWARD TAKAHASHI IDENTITY
• For matrix models [Disertori-Gurău-Magnen-Rivasseau]: path integral

measure is U(N)-invariant. This implies relations between
G(k) and G(k+2). For tensors models (⊃ matrix models) [D.
Ousmane]:

∑
pi∈Z

(Ep1 ...ma ...pD − Ep1 ...na...pD) ·

J̄q1...qa−1maqa+1...qD

Jq1...qa−1naqa+1...qD

1

=

J̄q1...qa−1naqa+1...qD

Jq1...qa−1naqa+1...qD

1

−

J̄q1...qa−1maqa+1...qD

Jq1...qa−1maqa+1...qD

1



WARD TAKAHASHI IDENTITYWARD TAKAHASHI IDENTITY
• For matrix models [Disertori-Gurău-Magnen-Rivasseau]: path integral

measure is U(N)-invariant. This implies relations between
G(k) and G(k+2). For tensors models (⊃ matrix models) [D.
Ousmane]:

• Terms annihilated by the difference ∆Emana can be found
using the expansion of log Z[J, J̄] in boundary graphs ⇒ A
new full Ward-Takahashi Identity [C. I. Pérez-S. arXiv:1608

9. ¿ ? ]

• Leads to integro-differential equations
Outlook:

• Add matter: Gauge fields, for matrix models. E.g.
NCG-setting via reps. of graphs on the category of finite
spectral triples

• Combine Ward Identity with Schwinger-Dyson equations.
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