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Quantisation approaches to 3d gravity

discrete path integral methods => based on of Hopf algebras,

_ _ (quantum groups) and their
e state sum models of 3d gravity, aka spin foams representation theory
* based on 3d manifold + discretisation

e context: 3d topological quantum field theory
e context: 3-manifold invariants

® EXx: Reshetikhin-Turaev invariant, Turaev-Viro invariant

Hamiltonian quantisation approaches = based on of Hopf algebras,
(quantum groups) and their
e based on surface S for 3-manifold R x S representation theory

e quantisation of phase space, canonical quantisation
e context: quantisation of moduli spaces of flat connections

® Ex: combinatorial quantisation of Chern-Simons theory

from quantisation of Teichmuller space

* In principle promising, but no complete picture yet

=> focus on Hamiltonian quantisation approaches, combinatorial quantisation
=> focus on mathematical structures, in simplified framework



1. Hopf algebras

= associative unital algebras with representation theory like the one of a group

group G

associative algebra K over I

representation on V
group homomorphism pv : G — Autg(V)

® representations on tensor products:

PV QW - G — AUtF(V X W)
pvew (9)(v @ w) = py(g)v ® pw(g)w

® trivial representation:
or : G — AutF(IF) ,OIF(Q) = idp

® representation on dual vector space:
pv- 1 G — Autp(V*)  py-(g)a = aopy(g™)

representation on V
algebra homomorphism pv : K — Endp(V)

e algebra homomorphism A: K - K ® K
comultiplication

pvew K — EndF(V & W)
pvew = (pv ® pw) o A

e algebra homomorphism pr =¢: K = I
counit

e anti-algebra homomorphism S : K - K
antipode py+ = py oS

consistency conditions:

U (VeW)=(U®V)g W —— coassociativity

FV=V=eVRF

VRV o F« V"V —— condition

—— counitality

(A®id)o A= (id® A)o A
(e®id) o A =(id®e)o A =id
mo (S®id)oA=mo(ild® S)oA=¢l



m A Hopf algebra is an associative algebra (K, m,1) over F
with algebra homomorphisms A: K - K® K and ¢: K = I

and an anti algebra homomorphism S : K — K that satisfy
coassociativity (A®id)ocA=(1d® A)o A

counitality (e®id)oc A=(id®e)o A =id
antipode condition mo (S®id)ocA=mo(id®S)oA=¢€l

cocommutative A=A
Sweedler notation A(k) = k) ® k)

® Ex: group algebra of finite group F|G] cocommutative AP = A
Alg)=g®g €eg)=1 Sg=g" antipode is involution S% = id

® Ex: universal enveloping algebra of a Lie algebra cocommutative A% = A
U(g) =T(9)/(x0y —y®x—[x,y]) antipode is involution S? = id

Ax)=x®1+1®x €x)=0 S5(x)=—-x

e fact: K finite-dim and char(F) = 0: K semisimple < S% =id
e fact: K finite-dim, semisimple, cocommutative, F alg closed with char(F) =0 = K = F|G]

® fact: K finite-dim, semisimple = K has normalised Haar integral
e Kwithe(l)=1and k-L=/(-k=¢€k)l Vke K



® Ex: Hopf algebra structure on K < Hopf algebra structure on K*

(, ) K" K—TF (- B, k) ={(a® B,A(k)) (1,k) = e(k) (S(a), k) = (a, S(k))
a@kralk)  (A),hok)=(a,h-k) €)= (a1)

® Ex: K = F[G] = K* = Fun(G)
(f.9) = f(9) fi- falg) = f1(9) - f2(9) 1(g) =1 S(f)(g) = flg™)
A(f)(91,92) = f(9192) e(f) = f(1)

mA Hopf algebra K is quasitriangular if there is an element R € K ® K
with A =R-A-R ! and (A®id)(R) = Ri3R23 (id® A)(R) = Ri3R1»

=> representation theoretical consequence: UV oW

module map ¢uyv :UQV -V QU / \
UaWeV VeUeW

dpuv(u®v) =710 (pr ® ov) (R~ (u®v)
/

WUV —> VWU

e Ex: Drinfeld double D(H) of a finite-dim Hopf algebra H
D(H)=H*® H
(a®h) - (B®E) = (hay,Bz)){hea), 5_1(5(1)» afz) ® hegk
Ala®@h) = a@) @ ha) @ aq) @ ha
Sla®@h)=(1®Sh)) (S a)®1)

= quasitriangular with
R=Y,10z;,a'®1



2. Module algebras over Hopf algebras

e Poisson-Lie group G = algebra of functions C°°(M) on Poisson G -space M
e Hopf algebra K => module algebra A over K

mA left module algebra A over a Hopf algebra K is an associative algebra A
with a K -left module structure > : K ® A — A such that

kD(G,'b):(k(l)Da)-(k(g)Db) kl>1=€(k)1

similarly: right module algebra and bimodule algebra over K

= invariants A, ={a € A: k>a=¢(k)aVk € K}
~ invariant functions C*° (M) for Poisson G - space M

® fact:

A left module algebra over K = A;, ={a € A: k> a=¢(k)aVk € K} subalgebra
e K semisimple = projector P: A — A, a+— £1>a on Ay, from Haarintegral ¢/ € K

® Ex: group actiononset >:G x X —- X

K =TF[G] = K- right module algebra structure on A < : Fun(X) ® F|G] — Fun(X)
A = Fun(X) (f<g)(@) = flg>x)



® Ex: adjoint action > KK — K = K- left module algebra structure on K
~ conjugation k>h=Fkqy-h-S(keg))

® Ex: left reqular action <«:K*Q K — K~

= K- right module algebra structure on K*
dual to left multiplication o <1k = (a1, k) ooy

= K- bimodule algebra structure on K*
® Ex: right regular action >: K K™ — K~

. - ) K- *
dual to right multiplication & > a = (k, aqa)) e1) = left module algebra structure on K

® fact:
A right module algebra over K

= algebra structureon A® K: (a®k)- (b®h) =a(b < k) ® knyh cross product K#A

® Ex: Heisenberg double
cross product for left regular action <: K™ ®@ K — K~

K ® K™ with algebra structure (h ® o) - (k ® B) = (), k2)) hka) @ o)



3. Hopf algebra gauge theory

latfiethgaijicai&sryctures for latticeptangpdprary withpsgieesghiugélaiictgebra
for a grgiifefalise concept of lattice gaugethgbry from groferta finjte-giepHopf algebra K

V\é\ vector space K®¥

Ipairing (,) K"K —TF

gauge fields set G*¥

I evaluation (f,9) — f(9)

K® module algebra structure on K*®%

j (a-B)<th=(a<hqy))  (B<h@g)
l<h=c¢h)l

functions algebra Fun(G*%)

Hopf algebra K®V
module structures

gauge transformations group G*"
action on connections and functions

v

< Fun(G**®) x GV — Fun(G**¥) ! \f/ q: K*®F g K®V _y g*®F
(f <2h)g) = f(htg) o 5 o - Ge (a0 < h k) = (o, h > k)
g5 = 9f - 9y

—1
g; = go - g; - gy
invariants o € K*®%

observables f ¢ Fun(G*%) .
left regular action a<ah=cha Vhe K%

fah=F Vhed right regular action
subalgebra of Fun(G*") adjoint action subalgebra of K*®F



construction of Hopf algebra gauge theory

setting: K finite-dim semisimple Hopf algebra, T' ribbon graph

task:

construct K ®V-module algebra structure on K*®* from K* with left and right regular action

=> impose locality condition \./
K®V-module algebra structure on K*®¥ \ f/./y
Induced by K -module algebra structures on vertex discs f

G* : K*®E N K*®2E oy, ®U€VK*®|’U|
k- K m ,
0 = o . L ,q
Q A (2) (1) —>
X ~N

=> simpler task: f
construct K-module algebra structure on K**" //Mv\ g
from K* with left and right regular action \ \ ‘/
=> reverse edge orientation for outgoing edges —Q@4+

* require involution: antipode S? = id /\\

=> simpler task:

construct K-module algebra structure on K*®™ from K* with left regular action




task: | construct K-module algebra structure on K*®™ from K* with left regular action

=> naively: take tensor product of algebras of edges incident at vertex ‘/
— Q@
=> problem: K Hopf algebra, A1, A2 right module algebras over K /‘\"\
= /A, ® A, right module over K

VA1 ® A, algebra
)( not right module algebra unless K cocommutative

(a1 ®ag) < k

= ((a1®1)-(1®a2))Qk:(a1<lk(1)®1)-(1®a2<lk(2)):alﬁk(1)®a2<k(2)
((1@&2)-(CL1®1)) Qk:(1®a2<k(1))-(a1<k(2)®1):a1<k(2)®a2<k(1)

=> need structure to relate A(k) = k1) ® ko) and AP(k) = k@) ® k)
=> require: K quasitriangular

Theorem [Majid] braided tensor product of module algebras

K quasitriangular Hopf algebra, A, A, right module algebras over K
= A1 ® A, is right module algebra over K with

e module structure (a3 ® az) <k = (a1 < k(1)) ® (a2 < k)

e algebra structure (1®a2)- (1®ay) =1 azsay (a1 ®1)-(1®az) = a1 @ as
(a1®1)-(a’1®1) :ala'1®1 (I1®az) (a1 ®1) = (a1 ®az) <R




> problem: e |ater combine incoming with outgoing edge ends (= reverted with antipode)

e antipode is anti-algebra map S(«a) - S(8) = S(5 - «)

8 A Y (2) 04(1)9. S ®id S(a(g)) Oé(l)9

=> modify braided tensor product with R-matrix on the right

Hopf algebra gauge theory on a vertex disc

e vertex disc with incoming edges

(@) (8): = (aB); i ¢ 1 IR
a)i ) (ﬁ)z — <5(2) X X (2), R> (06(1)5(1))7; 1€l 04(1), (1) Oz(?)/\ |, U

( ) e
(@)i - (8); = (@® By P 2 2 /52\
()i - (B); = (Ba) ® a@y, R) (a2 @ B2))ij i > j <O‘(1)’ h(2)) X (2)

® algebra structure on K*®!
e K -module algebra with

(' ®..®a") <h= (oz%l) e ay, h) 04%2) ® ... @ Ay

ordering of edge ends at v

* vertex disc with arbitrary edge orientation
defined by condition that S™ ® ... ® S™* : K*®" — K*®" algebra and module isomorphism

r; = 0 ifith edge incoming 7, =1 if ith edge outgoing



Hopf algebra gauge theory on a ribbon graph

* step 1
select one of the edge ends foreach edge e € E ec I

e step 2
put cilium at each vertex => ordering of edge ends

vertex v € V — R-matrix R, €¢ K ® K

=> Hopf algebra gauge theory on vertex discs:
K - right module algebra A, for each vertex v € V'

o step 3
embed K*®F into Quev A, with G* : K*®F _y *®2E

Theorem: [Wise. C.M.]

G*(K*®*%) C ®,ev A, is a subalgebra and a K®"-submodule

> K®V- right module algebra structure on K*®F
~ algebra of functions Ar of Hopf algebra gauge theory

> Arino = {a € Ar : a <h =€e(h)aVh € K®V} C Ar is subalgebra
~ algebra of observables of Hopf algebra gauge theory
* independent of choice of cilia
e if R, = R forall v € V : independent of choice of edge ends




Hopf algebra gauge theory on a ribbon graph

® Ex: group algebras of finite groups
K =TF|G], any ribbon graph I' = group lattice gauge theory for G on T

® Ex: cocommutative Hopf algebras
K cocommutative, any ribbon graphT' &> Apr = K*®¥ commutative

*Ex: @ = >@® - = (B an),R)aq)baq)
if K = D(H) => Heisenberg double Ar = H#H*

® Ex: .C a-f=(Ba) ®S(ag), R)(Be) ® o), R) Bi)aw)
if K = D(H) = Drinfeld double Ar = D(H) = K

(@) (B®0) = <5(1) ® Y1), R) <5(3) & 2y, R><5(2) ® Y(3) R) 04(1)5(2) & 7(2)5(1)

e general result

Ar =lattice algebra from combinatorial quantisation of Chern-Simons theory
[Alekseev, Grosse, Schomerus '94] , [Buffenoir Roche '95]




4. Curvature and flathess

=> flatness condition at faces of the graph: require notion of holonomy

* holonomy: path p € P(I') — linear map Hol, : K®* — K in duality
— linear map Hol’ : K* — K*®F (Hol, (k), o) = (k,Hol ()

composition of paths po¢ — Hol, e Hol, product of holonomies

0,
consistency conditions w p
po(gor)=(pogq)or => e associative ‘—)\ ) \ v
T
poly,=0,o0op=p => unit for e

ecoe ' =0, eloe=0; = Hol has an inverse 1

> need: algebra structure on Homgp (K *, K*®¥)
such that Hol. has inverse

Let (C, A, ¢) be a coalgebra and (4,m, 1) an algebra. The convolution product
on Homp(C, A) is givenby ¢ey) =mo (¢ ®1)oA. Itis associative and unital with unit € 1.

e here: C=K* A= K*®F
holonomies of reversed edges from antipode of K~



® fact:

The consistency conditions are satisfied for
Holj (o) = €(a)1%* WweV Hol* (o) = (o). Ve € E
Hol;;oq(()z) = HOIZ((X(D) . HOIZ (04(2)) Vp’ q € P(F) H01:_1 (Oé) — (S(Oé))e

This defines a holonomy functor Hol* : P(I') — Homp (K*, K*®*)

Let Ar be the algebra of functions of a Hopf algebra gauge theory on I >/ 4
The curvature of a face f € I is the holonomy Hol} : K* — K*®F T
/7‘ A

Theorem: [Alekseev, Grosse. Schomerusl. [Buffenoir. Rochel. [Wise, C.M.]

 The holonomy of each face f € F' defines an algebra homomorphism
Hol} : {a € K™ : A(a) = A?(a)} — Z(Ariny)

e The Haar integral n € K* defines commuting projectors Pr : Arine = Arinv
a — Hol:(n) - a
e Theirimage M = P, o... o Pr(Ariny) is a topological invariant.
It depends only on the surface S obtained by gluing discs to the faces of 1.

=> Hopf algebra analogue of moduli space of flat G -connections
Hom(m(S),G)/G = {g € G*F : ¢/ (¢9) = 1Vf € F}/G*V



